We introduce a fully tuneable entangling gate for continuous-variable one-way quantum computation. We present a proof-of-principle demonstration by propagating two independent optical inputs through a three-mode linear cluster state and applying the gate in various regimes. The genuine quantum nature of the gate is confirmed by verifying the entanglement strength in the output state. Our protocol can be readily incorporated into efficient multi-mode interaction operations in the context of large-scale one-way quantum computation, as our tuning process is the generalisation of cluster state shaping.
I. INTRODUCTION
The quantum computer promises an impressive speedup in certain problems such as prime factorisation [1] . Measurement-based quantum computation (MBQC) is one approach for processing quantum information, attractive due to its relative ease of use once a suitable resource state has been prepared. In MBQC, unitary operations are performed via pre-prepared multi-partite entangled resource states, referred to as cluster states [2] [3] [4] . Sufficiently large cluster states are first prepared before being appropriately reshaped for any specific operations. Arbitrary unitary operations are implemented by the precise selection of measurement bases and outcomedependent feed-forward operations.
To date there have been several demonstrations of MBQC, predominantly in quantum optics. Optical experiments performed in a continuous-variable (CV) setting benefit from deterministic state generation as well as deterministic implementations of Gaussian operations. The cluster states that facilitate MBQC can be generated via linear optics [5] [6] [7] [8] . Four-mode and six-mode cluster states have been already used to implement arbitrary single-mode Gaussian gates [9] , a two-mode Gaussian gate [10] , and a gate sequence of these two [11] . Reshaping a cluster state [12] is possible through quantum erasing [13] and wire-shortening [14] , which correspond to erasing and preserving the interaction gains between the nodes of the cluster state, respectively. Recently, largescale [7] and ultra-large-scale [8] cluster states have been generated by multiplexing in the frequency and time domain, respectively, both based on the same theoretical proposal [15, 16] .
Present techniques for shaping a cluster are inherently inefficient due to the lack of control over the interaction strength. For example the fixed-strength entangling gate demonstrated in Ref. [10] cannot have its entanglement strength tuned, and therefore it cannot completely make use of the underlying structure of the cluster state [17] .
In this paper, we present a fully tuneable entangling gate for CV one-way quantum computation and experimentally demonstrate a proof-of-principle implementation. Our tuneable gate can be interpreted as a generalized instance of cluster state reshaping, which we name cluster gain tuning. Our implementation involves propagating two independent quantised optical modes (qumodes) through a three-mode linear cluster state while implementing the gate at various different strengths. The tuneable interaction gain in the resource cluster state is teleported onto the two-mode input state [18] , thus appearing at the output and becoming manifest as a certain form of entanglement.
II. PROTOCOL FOR TUNEABLE ENTANGLING GATES VIA CLUSTER GAIN TUNING
Our quantum states are represented by the quadrature operators (x j ,p j ) of an electric field (annihilation) operatorâ j =x j + ip j , where the subscript j denotes the j-th optical mode. These quadrature operators play the roles of position and momentum operators of the corresponding harmonic oscillator, and hence they are canonically conjugate variables: 
where N j refers to the nearest-neighbour nodes of node j in the sense of a general graph [19] . Arbitrary bonds in CV cluster states are generated by applying controlled- phase gatesĈ Zjk = e 2ixjx k on pairs of nodes, which are initialised as momentum eigenstates with zero eigenvalues in the limit of infinite squeezing [4] . This can be understood mathematically as the transformation of nullifiers,
The controlled-phase gates will be generalized to include arbitrary, real gain values,Ĉ Zjk (g) ≡ e 2igxjx k , leading to certain weighted (real-valued) graph states, with g = 1 as the special case of unweighted graph states. More generally, any physical graph state can be described by complex weights and a complex adjacency matrix (including self-loops), corresponding to a set of non-Hermitian nullifiers, where the eigenvalue (nullifier) conditions are still exactly fulfilled even for finite squeezing [19] . However, instead of complex weights in the following, we describe physical, finitely squeezed cluster states allowing nonzero excess noise in the Hermitian nullifier operatorsδ j [10] .
After the preparation of a generic cluster state, the undesired bonds and nodes of the cluster can be erased by means of measurement and feed-forward, applying the quantum eraser [13] . For example, the three-mode linear cluster state shown in the top of Fig. 1(a) , which is the resource state for our demonstration of the tuneable entangling gate, has bonds (C1-C2) and (C2-C3). By measuring the position operator of node C2 (x C2 ) and subtracting the measurement outcome from the momentum operators of the nearest-neighbour nodes (C1 and C3), the bonds are erased and the two modes end up in a separable state [the bottom left of Fig. 1(a) ]. On the other hand, a node can be deleted while keeping the bond up to local phase rotations, which is called wire-shortening [14] . By measuring the momentum operator of node C2 (p C2 ) in the same three-mode linear cluster state and subtracting the measurement outcome from the position operator of a nearest-neighbour node (either C1 or C3), the resulting two-mode state becomes an Einstein-Podolsky-Rosen (EPR) state or a two-mode cluster state up to local phase rotations [the bottom right of Fig. 1(a) ]. The two procedures described above can then be regarded as two extreme cases of the cluster shaping. Here we generalise these procedures by considering intermediate operations between them, where we can tune the cluster gain between two cluster nodes via the measurement of the center node up to local unitaries.
We now discuss our implementation of cluster gaintuning on a three-mode linear cluster state. Here we consider a measurement of the observablex C2 cos θ − p C2 sin θ on cluster node C2, where θ = 0
• and 90
• correspond to erasing and wire-shortening, respectively. By subtracting the measurement outcome rescaled by 1/ cos θ from the momentum operators of nearestneighbour nodes (C1 and C3), the nullifiers of the re-sulting state becomê
[the bottom center of Fig. 1(a) ] (see Appendix B). In analogy with Eq.(2), they correspond to the transformation of nullifiers:
where the definition of the unitary operator iŝ
therefore the resulting state corresponds to the application of the gate on two momentum eigenstates with zero eigenvalues. We name this operation the fully tuneable entangling gate T Z , which has the tunable interaction parameter tan θ. Since the measurement angle θ can be set arbitrarily from −90
• to 90
• , the T Z gate can have an arbitrary real value of the interaction parameter tan θ. The T Z gate consists of two quadratic phase gates for individual modes (e ix 2 j tan θ , e ix 2 k tan θ ) [20] and a controlled-phase gate (C Zjk (tan θ) = e 2ixjx k tan θ ) with the arbitrary interaction parameter tan θ. The above cluster gain tuning allows for the generation of weighted gain cluster states from larger unweighted cluster states, while additional single-mode operations can be absorbed in the measurements at the latter process in order to perform larger one-way quantum computations.
The tuneable entangling gate is constructed by combining the cluster gain tuning scheme with two input states as shown in Fig. 1(b) . Two input states in modes α and β are teleported to modes C1 and C3 by half Bell measurements and cluster gain tuning, resulting in the T Z gate operation being teleported onto the input states [18] .
In the following we describe the above procedure taking into account the excess noisesδ j due to finite squeezing. Each input mode (α or β) is coupled with a side mode in the cluster state via a balanced beam-splitter (50%-BS). Then one output arm of each of the two mixing beam-splitters as well as the centre mode in the cluster state are measured by means of homodyne detection. The measured observables correspond tô
where θ is the measurement angle of the homodyne detection on the centre mode. We use primes to mark the modes after each beam-splitter interaction. The quadratures of the remaining parts arê
Based on the measurement outcomes, we perform the following feed-forward operations onto the rest of the states:
whereX k (s) = e −2isp k andẐ k (s) = e 2isx k are the WeylHeisenberg position and momentum displacement operators on the state labeled by k, respectively. The effects of these displacement operators correspond to additions and subtractions for quadratures [see Appendix A]:
where we refer to the two output modes as µ and ν in order to distinguish them from the input modes denoted by α and β. Consequently, the input-output relation in the Heisenberg picture is given bŷ
where
I is the 2 × 2 identity matrix, and
are excess noise terms for imperfect resource squeezing.
There are local squeezing operationsŜ j = e −i ln 2(xjpj +pjxj )/2 in addition to the teleported T Z gate. These −3.0 dB p-squeezing operations are due to the input coupling with a 50%-BS. A half teleportation with a beam-splitter coupling corresponds to a squeezing gate [21, 22] . Note that it can be eliminated by adding an additional coupling node at the edge of cluster states, by which full quantum teleportation with full Bell measurements is performed into the cluster state instead of half teleporation with half Bell measurement [17] .
In order to verify the entangling capability of the T Z gate, we now consider the case where both input states are coherent states. We evaluate the entanglement with the symplectic eigenvaluesλ − of the partially transposed covariance matrix of the output state [23] . This corresponds to the logarithmic negativity, which gives E N = max[0, − ln(4λ − )] for the case of Gaussian states and which is an entanglement measure invariant under local unitary operations [24] . The covariance matrix is given by V ≡ 1 2 {ξ,ξ} , where {û,v} ≡ûv T + vû T T [19] .
For our setup the symplectic eigenvalues becomẽ
where t = tan θ. It can be calculated by means of the excess noise terms withδ 1 = √ 2e
, where e −rp (0) j is a squeezed quadrature of the j-th resource squeezedvacuum mode before the beam-splitter network. Here we assume that all three modes have the same level of squeezing r for simplicity. The asymmetric case is easily derived in a similar manner. The ideal (unphysical) cluster state is obtained in the limit r → ∞.
The positivity under partial transposition (PPT criterion) is a necessary (and sufficient in the case of two-mode Gaussian states) measure for the separability of a state [25] . Thus, the output states of our setup are entangled ifλ − is below 1/4. Furthermore, the closer to zeroλ − is, the stronger is the entanglement in the output states. With respect to our T Z gate,λ − becomes smaller as we increase the interaction parameter tan θ.
III. EXPERIMENT
The schematic of our experimental setup is shown in Fig. 1(c) . The light source is a continuous-wave Ti:sapphire laser with a wavelength of 860 nm and a power of about 1.7 W. The quantum states to be processed are qumodes at 1 MHz sidebands of the laser beam. The resource cluster state is prepared by combining three squeezed vacuum states on two beam splitters, each generated by a subthreshold optical parametric oscillator (OPO). We mainly employ the experimental techniques described in Ref. [26] for the feed-forward of measurement results through classical channels. Note that the tuneable interaction parameter t = tan θ of the T Z gate is accessed via the relative phase θ between the signal beam and the reference local oscillator beam at the homodyne-2 detection station (HD-2). The relative phase is precisely controlled via the voltage sent to a piezoelectric transducer (PZT) attached to a mirror. Squeezing levels of the resource squeezed vacuum states are about −4.5 dB. The propagation losses from the OPOs to the homodyne detectors are 3% to 9%. The detectors' quantum efficiencies are 99%, and the interference visibilities are 96% on average.
In order to evaluate our gate we measure the powers of the quadratures at the homodyne detectors with a spectrum analyzer. The measured frequency is 1 MHz with a resolution bandwidth of 30 kHz, and video bandwidth of 300 Hz. For each quadrature, 101 data points are taken with a sweep time of 0.05 s, while this is repeated 10 times for averaging. Standard errors in these averaged measurements are less than 0.06 dB. In the case of coherent state inputs, we average over even more measurements, leading to standard errors less than 0.01 dB. Note that no corrections are applied for any experimental losses.
In Figs. 2(a)-2(d), we visualise the phase-space distributions of the output Gaussian states by ellipses for seven different interaction parameters t = tan θ ∈ {0, The theoretical predictions of the ideal case with infinite resource squeezing (r → ∞) are shown in Figs. 2(a) and 2(b). Here, we see that thex quadrature amplitudes remain fixed, while thep quadrature amplitudes increase with larger interaction parameter values. The broadening inp is due to the uncorrelated quantum fluctuations of bothx α andx β being added top α andp β by the interaction parameter dependent T Z gate. Note that the additional local squeezing operations decrease these fluctuations. The variances ofx α andx β are fixed at twice the shot noise level (SNL) from the additional local squeezing and are not dependent on the interaction parameter.
The experimental results are shown in Figs. 2(c) and 2(d), which are calculated from the measured variances of x j ,p j , and (x j ±p j )/ √ 2, where j ∈ {µ, ν}. We assume a Gaussian distribution and zero mean value. Each of the two output modes have a nearly identical phase-space distribution with respect to each other, indicative of the high level of symmetry in our optical mode matching. We see a slight broadening inp compared to the ideal case predicted by theory, due to the finite resource squeezing which couples in excess noise, whilex remains unaffected, in accordance withδ in Eq. (13) .
In order to compare them with the following results, the measured variances ofx α ,x β ,p α , andp β are plotted in Fig. 2(e) . The horizontal axis is the relative phase θ between the signal beam and the local oscillator beam at HD-2. The variances ofx are 3.0 dB above the SNL independent of the resource squeezing level r and the interaction parameter tan θ as expected from the theory expressed by the blue line (i),whilep depends on them. The green line (ii) represents the theoretical predictions for zero resource squeezing, while the orange line (iv) represents infinite squeezing. Finite squeezing values appear between these two extremes, and we find our experimental results are close to the theoretical prediction of −4.5 dB resource squeezing, as indicated by the red line (iii). These results indicate a good qualitative agreement with the theoretical predictions.
Next, we replace one of the input vacuum states by coherent states, allowing us to verify the input-output relationship based on the assumption that the gate has a linear response. The powers of the input amplitude quadratures are individually measured in advance, corresponding to 13.8 dB for mode α and 16.9 dB for mode β, respectively, compared to the SNL.
In analogy with Fig. 2 , Figure 3 (a) shows the powers of the output quadratures for an input coherent state α and an input vacuum state β. The output quadrature powers are shown as a function of the relative phase θ between the signal beam and the local oscillator beam at HD-2, which determines the interaction parameter tan θ. Theoretical predictions are shown as lines and experimental data as markers. The predictions are calculated from the measured input coherent amplitude with a resource squeezing level of −4.5 dB. We observe fixed power increases inx and θ-dependent increases inp. The power ofx µ increases by 3.0 dB above the inital 13.8 dB (corresponding to about 17 dB above the SNL, blue markers), which is due to the additional local squeezing operation. The power ofx ν is the same as the case of two vacuum inputs (corresponding to 3.0 dB above the SNL, cyan markers).p µ andp ν experience larger increases in power relative to the case of vacuum inputs in Fig. 2(e) , due to the increasing contribution of the nonzero coherent amplitude ofx α via the T Z gate. Similarly, Figures 3(b)-3(d) show the results for a nonzero coherent amplitude in thep α ,x β , andp β input quadratures, respectively. The T Z gate behaves as predicted, with the sum ofx α andx β appropriately appearing in bothp µ andp ν quadratures, as a function of the interaction parameters. The small discrepancies between our experimental results and the theoretical predictions are caused by the (slightly unbalanced) propagation losses and non-unity homodyne detections.
Finally, the entanglement strength is quantified in Fig. 4 . Shown there is the set of symplectic eigenvaluesλ − of the partially transposed covariance matrices corresponding to the output states. These are calculated from the variances of the output quadratures for vacuum inputs (see Ref. [27] for details), and are displayed as a [28, 29] . The theoretical predictions for the experiment with and without resource squeezing are represented by the theoretical curves (ii) and (i), respectively. We observe the remarkable feature of an enhancement in entanglement strength dependent on the interaction parameter. The entangling criterion is satisfied for parameter values of tan θ = , 1, √ 2, and 2 when the resource state is squeezed. Conversely, without squeezing the symplectic eigenvalues never cross the quantum boundary for any value of interaction parameter.
IV. CONCLUSION
In conclusion, we have proposed and experimentally demonstrated a fully tuneable T Z gate for continuousvariable one-way quantum computation. Our proof-ofprinciple demonstration employed a three-mode linear cluster state as a resource for implementing a new cluster gain tuning protocol. The capability of the gate to produce entanglement at the output is verified via the symplectic eigenvalues of the partially transposed covariance matrix of the output for the case of two coherent input states. The interaction parameter at the gate and accordingly the entanglement strength in the output state are accurately tuned by a corresponding tuning of the set of measurement bases. Since our gate can be directly incorporated into large-scale one-way quantum computation schemes, it may facilitate efficient implementations of MBQC with cluster states.
